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This paper explores the properties of the Pauli-Lubanski spin vector for the general motion of
spin-1/2 particles in curved space-time. Building upon previously determined results in flat space-
time, it is shown that the associated Casimir scalar for spin possesses both gravitational contributions
and frame-dependent contributions due to non-inertial motion, where the latter represents a possible
quantum violation of Lorentz invariance that becomes significant at the Compton wavelength scale.
When applied to muon decay near the event horizon of a microscopic Kerr black hole, it is shown that
its differential cross section is strongly affected by curvature, with particular sensitivity to changes in
the black hole’s spin angular momentum. In the absence of curvature, the non-inertial contributions
to the decay spectrum are also identified and explored in detail, where its potential for observation
is highest for large electron opening angles. It is further shown how possible contributions to
noncommutative geometry can emerge from within this formalism at some undetermined length
scale. Surprisingly, while the potential exists to identify noncommutative effects in muon decay, the
relevant terms make no contribution to the decay spectrum, for reasons which remain unknown.
PACS numbers: 04.60.Bc, 04.62.+v, 11.30.Cp, 13.35.Bv, 02.40.Gh
I. INTRODUCTION
The search for a viable theory of quantum gravity has
been ongoing for the past several decades, with many
distinct approaches of late. Arguably, the two leading
contenders are string theory [1, 2] and loop quantum
gravity [3, 4], each with their respective strengths and
weaknesses. As well, other approaches to this ultimate
goal, such as twistor theory [5] and causal set theory [6]
among them, create their own unique set of possibilities
for how a quantum gravity theory might emerge. Each
of these approaches and others are based on largely in-
equivalent mathematical and philosophical foundations,
which make for great difficulty in determining their com-
parative value on purely theoretical grounds. More im-
portantly, however, with the lack of any concrete observa-
tional evidence for guidance, it is unclear which approach
or combination thereof will arise as the most successful
one(s) to follow. While the prediction of Hawking radi-
ation from black holes [7] is widely cited as a standard
candle for competing theories to recover [8] when resolved
to length scales consistent with quantum field theory in
curved space-time, this claim may be put into jeopardy if
certain technical challenges with Hawking radiation, such
as the presence of trans-Planckian energy modes near the
event horizon [9], remain unresolved. It is certainly rea-
sonable to assume that these difficulties arise from still
unverified assumptions about the precise nature of space-
time ranging from the Compton wavelength scale down
to the Planck scale.
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A recent paper [10] raises questions about the appli-
cability of the Poincare´ group to adequately describe
the properties of quantum mechanical objects while in
non-inertial motion. Specifically, it examines the Pauli-
Lubanski four-vector in flat space-time for spin-1/2 parti-
cles, where the Poincare´ group generators for the canon-
ical momentum P are expressed in terms of curvilinear
co-ordinates in a local Lorentz frame to accommodate
the symmetries of a discernable classical spatial trajec-
tory with respect to a static laboratory frame, such as
cylindrical co-ordinates for circular motion in a storage
ring. An interesting consequence shown here is that
the associated Casimir scalar for particle spin, widely
regarded as a Lorentz invariant, now exhibits a frame
dependence. This is due to an additive term coupling
the Pauli spin operator σ with a Hermitian three-vector
Rıˆ =
(
i
2~
)
ǫıˆˆkˆ[P ˆ,P kˆ], referred to by its proponents as
the non-inertial dipole operator [10–12], since its coupling
to σ is analogous to a magnetic dipole interaction. The
dimensionality of R is |P |/r, where r is the particle tra-
jectory’s local radius of curvature with respect to the
laboratory frame. For Cartesian co-ordinates to repre-
sent rectilinear motion, R = 0 identically, while R → 0
for fixed momentum as r →∞.
When examining the potential for observing R within
the context of muon decay for free-particle beams in a cir-
cular storage ring, a preliminary computation shows that
it is negligibly small for observation by current facilities
like the Brookhaven National Laboratory. However, in
the absence of other interactions it predicts that R in
cylindrical co-ordinates contributes to the prolongation
of the muon’s lifetime when r → 1.18 × 10−12 cm, the
muon’s Compton wavelength [10]. This is a remarkable
outcome if shown to persist within a more realistic treat-
ment of the problem, since this acceleration-induced ef-
2fect occurs at a length scale that is over twenty orders of
magnitude larger than the Planck scale, and conventional
wisdom purports that the intersection between quantum
mechanics and gravitation becomes relevant only near
the Planck scale. Furthermore, there is evidence from
other considerations [13] that suggest potentially signifi-
cant consequences of quantum mechanical interactions in
curved space-time at the Compton wavelength scale, ap-
parently unaccounted for in existing treatments of quan-
tum gravity research. This provides strong motivation
for pursuing a more careful treatment of this muon de-
cay problem [10], but now in the presence of a strong
gravitational field.
The purpose of this paper is to present the analysis
of spin-1/2 particle dynamics in a gravitational field de-
scribed by Fermi normal co-ordinates, where the spatial
components are represented by orthonormal curvilinear
co-ordinates, and explore the consequences when applied
to muon decay. It begins in Sec. II with a brief descrip-
tion of the hypothesis of locality and its limitations for
the Poincare´ symmetry group, which provides the foun-
dation to motivate this paper. This is followed by an
outline of the covariant Dirac equation in Sec. III, where
the formalism of Fermi normal co-ordinates is presented
therein. A presentation of the Pauli-Lubanski four vec-
tor W is next given in Sec. IV, where the momentum
generators are expressed in terms of both the canonical
momentum in curvilinear co-ordinates and gravitational
corrections in the Fermi frame. This leads to the main
expression for the Casimir scalar associated with spin,
which shows the results obtained earlier [10], along with
gravitational corrections. Following this result, its for-
mal application to the muon decay problem is presented
in Sec. V, which shows the leading order gravitational
corrections to its differential decay cross section. The
explicit example of muon decay near the event horizon of
a Kerr black hole is then explored in Sec. VI, which iden-
tifies predicted contributions to the decay rate from both
gravitational and non-inertial effects for the full range of
possible opening angles. An interesting and previously
unanticipated generalization of the formalism to incor-
porate noncommutative geometry is then presented in
Sec. VII, where the possibility of identifying its contri-
bution to the muon decay rate is explored. This leads
to an overall discussion of the main results in Sec. VIII
with comments on other avenues of exploration and rele-
vant issues for consideration, followed by a conclusion in
Sec. IX.
II. THE HYPOTHESIS OF LOCALITY AND ITS
LIMITATIONS FOR THE POINCARE´ GROUP
One of the fundamental principles of physics often
taken for granted is the hypothesis of locality for describ-
ing a physical object’s motion in space. The essential
idea [14] is the suggestion that an accelerated observer
can always be identified with a continuous set of in-
stantaneously comoving inertial observers at each given
moment of proper time throughout the accelerated ob-
server’s worldline. Mathematically, this corresponds to
defining a family of velocity vectors tangent to the world-
line that have a one-to-one relationship with the comov-
ing inertial frames, with intrinsic length and time scales
for the accelerated observer. For classical objects of arbi-
trary composition, the hypothesis of locality is undoubt-
edly in agreement with existing observations. However,
matters become more complicated when considering the
motion of quantum mechanical objects. This is because
of the wave-like nature of quantum systems, where quan-
tum interference considerations become relevant. In par-
ticular, the notion of localization for a quantum object
is subject to the Heisenberg uncertainty relations [10],
which makes for conceptual difficulties in terms of quan-
tifying its transport in space-time. It is especially un-
clear whether a manifold structure even makes any phys-
ical sense at a certain threshold of length scale compared
to the typical length scale describing quantum fluctua-
tions of the quantum object. With these issues in mind,
it is certainly possible to consider a breakdown of the
hypothesis of locality for an accelerated quantum sys-
tem with sufficiently large wavelengths, when a region of
space-time is then required to properly identify its loca-
tion from one moment to the next.
When considering the boundary layer between classi-
cal and quantum effects as it concerns gravitation, it is
useful to consider the intrinsic spin properties of quan-
tum particles propagating in curved space-time. In flat
space-time, the Poincare´ symmetry group [15] is unques-
tionably invaluable for determining the classification of
subatomic particles, based on their mass and spin an-
gular momentum. However, the viability of using the
Poincare´ group to describe non-inertial motion, even in
the absence of space-time curvature, is worthy of consid-
erable scrutiny. This is because the Poincare´ group can
only be applied for particles in strictly inertial motion,
which is an impossibility, considering the idealized na-
ture of truly inertial reference frames [10] and given the
understanding from general relativity that any source of
mass-energy produces space-time curvature, no matter
how weak it may be. In curved space-time, the best ap-
proximation to an inertial frame is the freely falling frame
for propagation along a geodesic, corresponding to force-
free motion consistent with the weak principle of equiv-
alence at a mathematical point on the manifold. Even
this approach does not negate these challenges posed to
the Poincare´ group when applied to a quantum system
with some spatial extension, since its internal structure
would then be sensitive to the tidal forces generated by
space-time curvature, according to measurements from
observers on neighbouring geodesics.
There exists a limited but useful generalization of the
Poincare´ group that is applicable to conformally flat
space-times in four dimensions, known as the de Sitter
group [16]. Given that the de Sitter space-time met-
ric can exist as an embedding in a flat five-dimensional
3background with an overall radius of curvature that de-
fines the length scale of the expanding space, the mo-
mentum operators are then represented as elements for
a ten-parameter set of operators that generate rotation.
Nonetheless, the de Sitter group also shares the same
set of limitations as the Poincare´ group when applied to
non-inertial motion.
Upon reflection, the problem appears to come from
presupposing local Cartesian co-ordinates for the descrip-
tion of the co-ordinates and derivative operators that de-
termine the group generators. If curvilinear co-ordinates
are used instead to better reflect the symmetries of the
quantum object’s motion in space, would such a consider-
ation be physically relevant? This is the primary motiva-
tion for considering a re-assessment of the Poincare´ and
de Sitter groups within the context of non-inertial motion
as initially put forward [10], now with the generalization
of adding space-time curvature in terms of Fermi normal
co-ordinates. Choosing this approach to represent local
curvature is particularly useful because it naturally intro-
duces a local 3 + 1 structure with mutually orthogonal
directions for the basis vectors, where a proper time co-
ordinate unambiguously appears in relation to the three
spatial directions.
III. COVARIANT DIRAC EQUATION IN
FERMI NORMAL CO-ORDINATES
The first step is to work with the covariant Dirac equa-
tion in Fermi normal co-ordinates Xµ =
(
T,X i
)
, where
the spatial components X i are expressed in terms of local
Cartesian co-ordinates corresponding to rectilinear mo-
tion and T is the proper time along the worldline. For
the purposes of this paper, the standard perturbative ex-
pansion of second-order in X i away from the worldline is
sufficient [17–21], though it is certainly possible to either
use exact expressions for specific space-time backgrounds
[22] or go to third-order and higher in the perturbation
to incorporate additional curvature and inertial contribu-
tions [23–25]. Geometric units of G = c = 1 are assumed
throughout, where the Riemann and Ricci tensors satisfy
the conventions of Misner, Thorne, and Wheeler [26] but
with −2 metric signature.
To begin, consider a worldline C in a general space-time
background parametrized by proper time τ . At some
event P0 on C, the Fermi frame [17–20] is determined by
constructing a local orthonormal vierbein set {λα¯µ} and
its inverse set {λµα¯}, such that λµ¯0 = dxµ¯/dτ and λµ¯a
define the local spatial axes. If the unit spatial tangent
vector from P0 to a neighbouring event P is described
by ξµ¯ = (dxµ¯/dσ)0, where σ is the proper length of a
unique spacelike geodesic orthogonal to C, then the Fermi
normal co-ordinates at P are described by T = τ and
X i = σ ξµ¯ λiµ¯. It follows that the space-time metric in
Fermi normal co-ordinates is described by
ds2 = F gµν(X) dX
µ dXν , (1)
where
F g00(X) = 1− FRl00m(T )X lXm + · · · , (2a)
F g0j(X) = −2
3
FRl0jm(T )X
lXm + · · · , (2b)
F gij(X) = ηij − 1
3
FRlijm(T )X
lXm + · · · , (2c)
ηµν is the Minkowski metric and
FRµαβν(T ) = Rµ¯α¯β¯ν¯ λ
µ¯
µ λ
α¯
α λ
β¯
β λ
ν¯
ν (3)
is the projection of the Riemann tensor onto the Fermi
frame [20].
The covariant Dirac equation for a spin-1/2 particle
with mass m and ∂µ = ∂/∂X
µ is
[iγµ(X) (∂µ + iΓµ(X))−m/~]ψ(X) = 0 , (4)
where the set of gamma matrices {γµ(X)} satisfy
{γµ(X), γν(X)} = 2 gµνF (X) and Γµ(X) is the spin con-
nection. An orthonormal vierbein set {e¯µαˆ(X)} and
its inverse
{
e¯αˆµ(X)
}
can be obtained to define a local
Lorentz frame [21], denoted by co-ordinates with hat-
ted indices, which satisfy F gµν(X) = ηαˆβˆ e¯
αˆ
µ(X) e¯
βˆ
ν(X),
where
e¯0ˆ0(X) = 1 +
1
2
FR0i0j(T )X
iXj , (5a)
e¯0ˆj(X) =
1
6
FR0ijk(T )X
iXk , (5b)
e¯ıˆ0(X) = −1
2
FRij0k(T )X
jXk , (5c)
e¯ıˆj(X) = δ
i
j − 1
6
FRikjl(T )X
kX l , (5d)
and
e¯00ˆ(X) = 1−
1
2
FR0i0j(T )X
iXj , (6a)
e¯i0ˆ(X) =
1
2
FRij0k(T )X
jXk , (6b)
e¯0 ˆ(X) = −1
6
FR0ijk(T )X
iXk , (6c)
e¯iˆ(X) = δ
i
j +
1
6
FRikjl(T )X
kX l . (6d)
The spin connection is expressed as
Γµ(X) = −1
4
σαˆβˆ ηβˆγˆ e¯
α
αˆ
(∇µ e¯γˆα) , (7)
where ∇µ is the covariant derivative operator,
{
γαˆ
}
is
the set of flat space-time gamma matrices [27] satisfy-
ing
{
γαˆ, γβˆ
}
= 2 ηαˆβˆ and σαˆβˆ = i2
[
γαˆ, γβˆ
]
. Retaining
only contributions to first-order in the Riemann tensor
4throughout this paper, it therefore follows from (7) that
Γ0(X) = i γ
0ˆ γ ıˆ
[
1
2
FRi00k(T ) +
1
3
FRij0k,0(T )X
j
]
Xk ,
(8)
Γl(X) = i γ
0ˆ γ ıˆ
[
1
3
(
FRil0k(T ) +
FRi[k0]l(T )
)
− 1
12
FRijkl,0(T )X
j
]
Xk . (9)
Conversion of (4) to curvilinear co-ordinates is
straightforward. In what follows, it is assumed that
X i = X i(u1, u2, u2), where uj represent mutually or-
thogonal curvilinear co-ordinates. This results in a new
set of Fermi normal co-ordinates Uµ, where U0 = T
and U i = ui. A corresponding set of orthonormal vier-
beins is then obtained, where eβαˆ(U) =
∂Uβ
∂Xα e¯
α
αˆ(X),
eαˆβ(U) =
∂Xα
∂Uβ
e¯αˆα(X) and Γµ(U) =
∂Xα
∂Uµ Γα(X). By
projecting onto the local Lorentz frame, it follows that
(4) becomes[
iγµˆ
(
∇ˆµˆ + iΓµˆ(U)
)
−m/~
]
ψ(U) = 0 , (10)
where ∇ˆµˆ = ∇µˆ + i Γˆµˆ(U) is the covariant derivative
operator defined with respect to Minkowski space-time
in curvilinear co-ordinate form, with ∇0ˆ ≡ ∂∂T and∇ˆ ≡
1
λˆ(u)
∂
∂uˆ , where λ
kˆ(u) are dimensional scale functions
[28] and Γˆµˆ(U) is the spin connection due to curvilinear
co-ordinates. It follows from (10) that[
γµˆ (P µˆ − ~Γµˆ(U))−m
]
ψ(U) = 0 , (11)
where
P µˆ = pµˆ +Ωµˆ (12)
is the momentum operator in curvilinear co-ordinates
[10], in terms of
pµˆ = i~∇µˆ , (13a)
Ωµˆ = i~
[
∇µˆ ln
(
λ1ˆ(u)λ2ˆ(u)λ3ˆ(u)
)1/2]
, (13b)
iΓµˆ = Γ¯
(S)
µˆ + γ
lˆ γmˆ Γ¯
(T)
0ˆ[lˆmˆ]
δ0ˆµˆ , (13c)
where
Γ¯
(S)
0ˆ
=
1
12
FRmjmk,0(T )X
jXk , (14a)
Γ¯
(S)
ˆ = −
1
2
FRj00m(T )X
m +
1
3
FRlj0m,0(T )X
lXm ,
(14b)
Γ¯
(T)
0ˆ[lˆmˆ]
=
1
2
FRlm0k(T )X
k +
1
12
FRk[lm]j,0(T )X
jXk .
(14c)
By defining Dµˆ = P µˆ − ~Γµˆ and making use of the
identity [29]
γµˆ γ νˆ γρˆ = ηνˆρˆ γµˆ − 2 γ[νˆηρˆ]µˆ − i γ5 γσˆ εµˆνˆρˆσˆ , (15)
where εµˆνˆρˆσˆ is the Levi-Civita symbol with ε0ˆ1ˆ2ˆ3ˆ = 1,
it is shown that the covariant momentum operator with
curvature exists in the very useful form
Dµˆ = P µˆ − ~
(
γ5 Γ¯
(C)
µˆ − i Γ¯(S)µˆ
)
, (16)
Γ¯
(C)
µˆ = ε
0ˆlˆmˆ
µˆ Γ¯
(T)
0ˆ[lˆmˆ]
, (17)
where the “C” refers to the chiral-dependent part of the
spin connection and the “S” denotes the symmetric part
under chiral symmetry.
IV. PAULI-LUBANSKI VECTOR AND
CASIMIR PROPERTIES
The Pauli-Lubanski vector defined with respect to the
local Lorentz frame and in terms of Dµˆ is
W µˆ = −1
4
εµˆαˆβˆγˆ σ
αˆβˆDγˆ . (18)
By making use of (15) and the identity εµˆνˆρˆσˆ σ
ρˆσˆ =
−2 i γ5 σµˆνˆ [27], it is straightforward to show that the
squared magnitude of the Pauli-Lubanski vector is
W αˆW αˆ = −3
4
DαˆDαˆ +
i
4
σαˆβˆ
[
Dαˆ,Dβˆ
]
, (19)
where the first term of (19) corresponds to − 12
(
1
2 + 1
)
m2
for spin-1/2 particles in the absence of external fields and
the second term [30] is given by
i
[
Dαˆ,Dβˆ
]
=
~
2
4
σµˆνˆ
(
FRµˆνˆαˆβˆ
)
+ i
[
P αˆ,P βˆ
]
− ~2 Cµˆαˆβˆ Γµˆ , (20)
where
Cµˆαˆβˆ = 2 e¯
µˆ
σ
(∇λ e¯σ[αˆ) e¯γ βˆ] ∂Uλ∂Xγ , (21)
is the object of anholonomicity for the local Lorentz
frame, and is exclusively first-order in FRµˆνˆαˆβˆ . It can
be shown that the second term in (20) is given by
i
[
P αˆ,P βˆ
]
= ~Cµˆαˆβˆ P µˆ
+ 2 ~ e¯σ[αˆ e¯
γ
βˆ]
(
∇σˆ lnλ
(γ)
)
P γˆ , (22)
where the second term in (22) is the source for the non-
inertial effect now considered [10–12]. In particular, the
general expression for the non-inertial dipole operator R
is embedded in (22) as the limit of vanishing curvature,
such that
Rkˆ =
i
2~
ε0ˆıˆˆkˆ [P ıˆ,P ˆ]
∣∣∣∣
FR
µˆνˆαˆβˆ
→0
= ε0ˆıˆˆkˆ
(
∇ıˆ lnλ
(j)
)
P ˆ . (23)
5It is important to note that (22) is not merely the con-
sequence of a co-ordinate transformation, which would
otherwise lead to the standard result i
[
P αˆ,P βˆ
]
=
~Cµˆαˆβˆ P µˆ that vanishes as
FRµˆνˆαˆβˆ → 0. The presence
of the second term in (22) is a subtle feature that follows
from preserving the operator status of P µˆ in curvilinear
co-ordinates, and is the defining structure illustrating the
limitations of the hypothesis of locality for a quantum
system in general motion. A straightforward derivation
of (22) can be found in Appendix A of this paper.
By substitution of (20)–(22) into (19), it is shown that
the Casimir scalar for spin is
W αˆW αˆ = −3
4
[
m20 +
~
2
6
(
FRαˆαˆ
)]
+
~
2
(σ ·R)
− ~
4
σαˆβˆ Qαˆβˆ +
3
2
~
(
γ5 Γ¯
(C)
αˆ − i Γ¯(S)αˆ
)
P αˆ
+
3
4
~
2
∇
αˆ
(
Γ¯
(S)
αˆ + i γ
5
Γ¯
(C)
αˆ
)
, (24)
where m20 = P
αˆP αˆ, the Casimir scalar for momentum,
is a Lorentz invariant and
Qαˆβˆ =
i
~
[
P αˆ,P βˆ
]
− δıˆαˆ δˆβˆ ε0ˆıˆˆkˆRkˆ
= 2
(
e¯σ [αˆ e¯
γ
βˆ] − δσ [αˆ δγ βˆ]
)(
∇σˆ lnλ
(γ)
)
P γˆ
+ Cµˆαˆβˆ P µˆ , (25)
is exclusively first-order in the Riemann tensor. With
the exception of the effective mass term due to the Ricci
scalar, the first line of (24) corresponds exactly with the
expression obtained in flat space-time [10]. The presence
ofR in (24) illustrates the frame-dependent quantity that
represents the predicted quantum violation of Lorentz
invariance in the Casimir scalar, though it is important
to note that it does not appear whenever W αˆW αˆ acts
on an eigenstate [10]. It is also interesting to note the
prediction of a spin-gravity interaction due to (25), as
well as contributions due to the spin connection.
Finally, it is very straightforward to generalize this
expression to include an external electromagnetic (EM)
field. By introducing minimal coupling into (24), such
that
P αˆ → P¯ αˆ = P αˆ − eAαˆ , (26)
it follows naturally that
W αˆW αˆ(P ) → W αˆW αˆ(P¯ ) + e~
4
σαˆβˆ
(
FFαˆβˆ
)
, (27)
with a spin-EM interaction term emerging for W αˆW αˆ,
where FFαˆβˆ is the electromagnetic field tensor in the
Fermi frame.
V. APPLICATIONS TO MUON DECAY IN
CURVED SPACE-TIME
Given (18) and the interesting results obtained for (24),
it is worthwhile to consider its application to muon decay
in curved space-time, following the approach taken earlier
[10]. With this in mind, consider the reaction µ− →
e− + ν¯e + νµ in an arbitrary gravitational background.
Then the matrix element [10] associated with muon decay
is
|M|2 = G
2
F
2
L
(µ)
µˆνˆ M
µˆνˆ
(e) , (28)
where
Lµˆνˆ(µ) = Tr
[
/pνµ γ
µˆ
(
/Dµ +mµ γ
5 /nµ
)
γ νˆ
(
1− γ5)] ,(29a)
M µˆνˆ(e) = Tr
[(
/De +me γ
5 /ne
)
γµˆ /pνe γ
νˆ
(
1− γ5)] , (29b)
and nµˆ is the polarization vector for the charged lepton.
By defining nµˆ such that the orthogonality condition
nµˆDµˆ = 0 is satisfied, where n
(0)
µˆ =
E
m0|P |
P µˆ− m0|P | δ
0ˆ
µˆ
is the polarization vector in flat space-time and |P | =√
−P ˆP ˆ , it is possible to express γ5 /n in terms ofW µˆ.
That is,
γ5 /n = − 2
m20
[(
nαˆW αˆ
)
/D + /n
(
DαˆW αˆ
)]
×
[
1− 2~
m20
(
i Γ¯
αˆ
(S) − γ5 Γ¯αˆ(C)
)
P αˆ
+
~
2
m20
∇αˆ
(
Γ¯
αˆ
(S) + i γ
5
Γ¯
αˆ
(C)
)
− 2~
m20
γ5 γαˆ γβˆ Γ¯
(C)
αˆ P βˆ
]
+
2~
m0|P |
[
E /¯Γ(C) − γ 0ˆ
(
2 Γ¯
αˆ
(C) P αˆ + i~∇αˆΓ¯
αˆ
(C)
)]
×
[
1− 2
m20
γ5
(
DαˆW αˆ
)]
, (30)
where E = |P 0ˆ|. When expanded out and sim-
plified using (15), it follows from (30) that /n =[
/n(S,Re) + i /n(S,Im)
]
+ γ5
[
/n(C,Re) + i /n(C,Im)
]
, where the
contributions up to leading-order in curvature are
n
(S,Re)
µˆ ≈ n(0)µˆ +
4~E
m30|P |
δ0ˆ[µˆ δ
ˆ
νˆ]RˆP
νˆ
− ~
2E
m30|P |
(
∇
νˆQµˆνˆ
)
, (31)
6n
(S,Im)
µˆ ≈
2~2E
m30|P |
δ0ˆ[µˆ δ
ˆ
νˆ]
(
∇
νˆRˆ
)
+
~E
m0|P | Γ¯
(S)
µˆ
− 4~
m0|P |
[
δ0ˆµˆ
(
Γ¯
λˆ
(S) P λˆ
)
+
1
2
ε0ˆαˆβˆ µˆ Γ¯
(C)
αˆ P βˆ
]
− 2~
m20
n
(0)
νˆ
[
δνˆ µˆ
(
Γ¯
λˆ
(S) P λˆ
)
+ ενˆαˆβˆ µˆ Γ¯
(C)
αˆ P βˆ
]
+
~E
m30|P |
[
2
(
Γ¯
λˆ
(S)P λˆ
)
P µˆ − ~
2
4
∇µˆ
(
FRαˆαˆ
)]
+
2~E
m30|P |
Qµˆνˆ P
νˆ , (32)
n
(C,Re)
µˆ ≈ −
~
2E
m30|P |
εσˆαˆβˆ µˆ δ
0ˆ
[αˆ δ
ˆ
βˆ] (∇σˆRˆ)
+
3~E
m0|P | Γ¯
(C)
µˆ −
2~
m0|P | δ
0ˆ
µˆ
(
Γ¯
λˆ
(C) P λˆ
)
− 2~E
m30|P |
[
ηµˆνˆ
(
Γ¯
λˆ
(S)P λˆ
)
+ 2 Γ¯
(C)
[µˆ P νˆ]
]
P νˆ , (33)
n
(C,Im)
µˆ ≈ −
~
2E
2m30|P |
εσˆαˆβˆ µˆ
(
∇σˆQαˆβˆ
)
. (34)
Substitution of (29)–(34) into (28) leads to
|M|2 = 32G2F
(
P αˆνe D¯
µ
αˆ
)(
P βˆνµ D¯
e
βˆ
)
, (35)
where
D¯αˆ = P αˆ − ~
(
Γ¯
(C)
αˆ − i Γ¯(S)αˆ
)
+m0
(
n
(C)
αˆ − n(S)αˆ
)
. (36)
Apart from (34), each of the contributions to nµˆ has a
component that is dependent on R or its gradient that
survives in the limit of vanishing curvature. It is also
worthwhile to note that |M|2 in (35) is complex-valued,
even when the notation for the matrix element suggests
a real-valued result. Given that the imaginary terms in
|M|2 come exclusively from the non-Hermiticity proper-
ties of quantum systems in curved space-time [31], this
is not a surprising outcome and not a cause for concern.
In a similar fashion as shown by (27), it is straight-
forward to generalize (31)–(34) to incorporate external
electromagnetic fields. By again introducing (26) and
defining
F¯αˆβˆ =
FFαˆβˆ + C
µˆ
αˆβˆAµˆ , (37)
it follows that the contributions to the polarization vector
change as
n
(S,Re)
µˆ (P ) → n(S,Re)µˆ (P¯ ) +
2e~2
m30|P¯ |
× F¯αˆβˆ
{[
ηαˆ0ˆ δβˆ µˆ
(
Γ¯
λˆ
(S) P¯ λˆ
)
+
1
2
ε0ˆαˆβˆ µˆ
(
Γ¯
λˆ
(C) P¯ λˆ
)]
+ E
[
δαˆµˆ Γ¯
βˆ
(S) −
1
2
ενˆαˆβˆ µˆ Γ¯
(C)
νˆ
]}
+
e~2E
m30|P¯ |
(
∇
νˆ F¯µˆνˆ
)
− 2e~
2
m40|P¯ |
εαˆβˆλˆνˆ F¯αˆβˆ P¯ λˆ Γ¯
(C)
[µˆ P¯ νˆ]
− 4e~
2E
m50|P¯ |
F¯σˆγˆ P¯
γˆ
[
δσˆ µˆ
(
Γ¯
λˆ
(S) P¯ λˆ
)
+ εσˆαˆβˆ µˆ Γ¯
(C)
αˆ P¯ βˆ
]
,
(38)
n
(S,Im)
µˆ (P ) → n(S,Im)µˆ (P¯ )−
2e~E
m30|P¯ |
F¯µˆνˆ P¯
νˆ
, (39)
n
(C,Re)
µˆ (P ) → n(C,Re)µˆ (P¯ ) , (40)
n
(C,Im)
µˆ (P ) → n(C,Im)µˆ (P¯ ) +
2e~2
m30|P¯ |
× F¯αˆβˆ
[
ηαˆ0ˆ δβˆ µˆ
(
Γ¯
λˆ
(C) P¯ λˆ
)
− 1
2
ε0ˆαˆβˆ µˆ
(
Γ¯
λˆ
(S) P¯ λˆ
)]
+
e~2E
2m30|P¯ |
ε0ˆαˆβˆ µˆ
(
∇σˆF¯αˆβˆ
)
− e~
2
m40|P¯ |
× εαˆβˆγˆ σˆ F¯αˆβˆ P¯ γˆ
[
δσˆ µˆ
(
Γ¯
λˆ
(S) P¯ λˆ
)
+ εσˆλˆνˆ µˆ Γ¯
(C)
λˆ
P¯ νˆ
]
+
8e~2E
m50|P¯ |
F¯αˆβˆ P¯
βˆ
[
ηαˆνˆ Γ¯
(C)
[µˆ P¯ νˆ] − δαˆµˆ
(
Γ¯
λˆ
(C) P¯ λˆ
)]
.
(41)
Clearly, there exist numerous contributions involving
the coupling of the EM field with space-time curvature,
as well as exclusively electromagnetic contributions that
survive as FRµˆνˆαˆβˆ → 0.
VI. MUON DECAY NEAR THE EVENT
HORIZON OF A KERR BLACK HOLE
Having now obtained the formal expression for the
muon decay matrix element in a general curved space-
time background, it is useful to explore a concrete ex-
ample. An interesting test case is that of muon decay in
circular orbit near the event horizon of a Kerr black hole,
which is especially important for identifying any signa-
tures in the muon decay spectrum that may result from
strong curvature effects, particularly where it concerns
changes in the black hole’s spin angular momentum.
To begin, consider an orthonormal tetrad frame sit-
uated as shown in Figure 1, where it defines a classi-
cal circular orbit around a black hole of mass M and
specific spin angular momentum a = J/M in standard
7PSfrag replacements
a = α r0
x
y
z
µ−
e−
r0θ0
φ0
r
θ
φ
ν¯e νµ
FIG. 1: Muon in circular orbit around a Kerr black hole,
subject to electroweak decay. The classical orbit is defined by
(r0, θ0, φ0), where quantum fluctuations about it are defined
by (r, θ, φ). While θ0 = pi/2 for this paper, the inclined orbit
here emphasizes the point that the decaying muon is subject
to polar variations in the curvature that need to be accounted
for properly.
Boyer-Lindquist co-ordinates xµ¯ = (t, r0, θ0, φ0), such
that [20, 32]
t =
1
N0
(1 + aΩK)T , (42)
φ0 =
ΩK T
N0 sin θ0
, (43)
are expressed in terms of the Keplerian frequency
ΩK =
√
M
r30
, (44)
and
N0 =
√
1− 3M
r0
+ 2 aΩK , (45)
with boundary conditions chosen such that t = φ0 = 0
at T = 0. For all computations considered in this paper,
θ0 = π/2 and r0 is strictly constant. Given that the
orbital energy and angular momentum expressions are
E0 =
1
N0
(
1− 2M
r0
+ aΩK
)
, (46)
L0 =
r20ΩK
N0
(
1− 2 aΩK + a
2
r20
)
, (47)
respectively, it is shown that the orthonormal tetrad
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
Curvature + NI
Curvature
Non-Inertial (NI)
Flat Background
PSfrag replacements
x
1 Γ
0
Γˆ
(x
,c
os
Θ
)
(a) (Θ = 0◦ , α = 1)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
Curvature + NI
Curvature
Non-Inertial (NI)
Flat Background
PSfrag replacements
x
1 Γ
0
Γˆ
(x
,c
os
Θ
)
(b) (Θ = 0◦ , α = 0.99)
FIG. 2: The muon differential decay rate as a function of elec-
tron energy fraction for the muon near the event horizon of
a Kerr black hole with mass M = 2 × 10−11 cm and orbital
radius r0 ∼M . Figs. 2(a) and 2(b) display comparative plots
of the decay spectrum due to curvature and non-inertial ef-
fects, for α = 1 and α = 0.99, respectively. It is clear that the
plots are very sensitive to changes in α for fixed r0.
frame corresponding to Figure 1 is described by
λµ¯0 =
(
1 + aΩK
N0
, 0, 0,
ΩK
N0 sin θ0
)
, (48)
λµ¯1 =
(
− L0
r0 A0
sin (ΩK T ) , A0 cos (ΩK T ) , 0,
− E0
r0A0 sin θ0
sin (ΩK T )
)
, (49)
λµ¯2 =
(
0, 0,
1
r0
, 0
)
, (50)
λµ¯3 =
(
L0
r0A0
cos (ΩK T ) , A0 sin (ΩK T ) , 0,
E0
r0 A0 sin θ0
cos (ΩK T )
)
, (51)
where
A0 =
√
1− 2M
r0
+
a2
r20
. (52)
For future reference, it is useful to express a in terms of
the dimensionless parameter α = a/r0 with the range of
−1/4 ≤ α ≤ 1 to accommodate for both co-rotating and
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FIG. 3: Net differential decay rate due to the non-inertial
dipole operator for various decay angles, after subtracting the
flat space-time background contribution. It is evident that the
contribution of R to the decay spectrum becomes identifiable
for large emission angles.
counter-rotating black holes with respect to the orbital
direction. The range of α corresponds to −M ≤ a ≤
M for the innermost (photon) radius of r0+ = M for
α = 1 and r0− = 4M for α = −1/4 [33]. By defining all
dimensional quantities in terms of M , it is shown that
the orbital radius near the black hole event horizon is
described by
r0 = 9M
[
α+
√
α2 + 3 (1−N20 )
]−2
, (53)
where N0 & 0 denotes the separation away from the in-
nermost circular orbit. As indicated by Figure 1, the
muon undergoes a decay into an electron and two neu-
trinos within some region of space-time in the viscinity
of the classical orbit, and is subject to quantum fluctua-
tions described by (r, θ, φ) with respect to the orthonor-
mal frame during the decay process. This requirement
suggests that the muon is sensitive to polar variations in
the Riemann curvature within the time frame of the de-
cay, in accordance with the Heisenberg uncertainty prin-
ciple.
With the necessary framework established, it is now
possible to determine the differential decay rate for the
muon in the Kerr background. This is given by [34, 35]
d2Γ
dEe d (cosΘ)
≡ Γˆ (Ee, cosΘ)
= Γ0
[
8 |P e|
m5µEµ
D¯
αˆ
µ D¯
βˆ
e
(
ηαˆβˆ Q
2 + 2QαˆQβˆ
)]
, (54)
where Θ is the scattering angle for the outgoing electron,
Qαˆ = (P µ − P e)αˆ (55)
is the momentum transfer and
Γ0 ≈
G2Fm
5
µ
192 π3
≈ 2.965× 10−16 MeV (56)
is the total decay rate in flat space-time. All computa-
tions for the various plots shown in this paper are per-
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FIG. 4: Net differential decay rate due to various combina-
tions of curvature and the non-inertial dipole operator after
subtracting the flat space-time background contribution.
formed in the local rest frame of the muon, such that
Ee =
mµ
2
x , (57)
where x is the electron energy fraction in the decay pro-
cess.
It is not surprising to note that there is no discern-
able contribution of space-time curvature to the differ-
ential decay rate for astrophysical black holes. However,
matters change considerably for the case of microscopic
black holes in the range of M ∼ 10−10 − 10−11 cm,
with interesting results to report. Unless otherwise spec-
ified, all plots presented in this paper are generated for
M = 2 × 10−11 cm and N0 = 10−2 corresponding to
r0 ∼M , the event horizon of an extreme Kerr black hole
(α = 1) co-rotating with the muon’s orbital direction.
Figure 2 displays the contributions of curvature and
the non-inertial dipole operator R to the overall differ-
ential cross section due to forward emission (Θ = 0). A
complete list of all plots illustrating the full range of scat-
tering angles can be found in Appendix B of this paper.
It is clear from examining Figs. 2(a) and 2(b) that the
contributions of curvature and non-inertial interactions
make for a considerable adjustment in the decay spec-
trum compared with the flat background contribution.
Specifically, the effect of these contributions is to reduce
the decay spectrum, contributing to a lifetime enhance-
ment for the muon at this angle. It is also interesting to
note that the contribution ofR to the decay cross section
9enhances the contribution due to curvature alone.
For the effect due to R in Figure 2(a), its peak value at
x = 0.60 corresponds to a reduction in the decay profile
by about 17% relative to the flat space-time profile. For
the contribution due to curvature alone, which peaks at
x = 0.66, the reduction is about 28%, while the total
contribution results in a reduction of 46% at x = 0.60.
It is also clear, based on Figure 2(b), that the decay
spectrum is very sensitive to changes in a, since even
a 1% decrease in α for fixed r0 leads to a curvature-
induced reduction of its peak by 46% at x = 0.70, with
the total contribution due to curvature and non-inertial
effects reduced by about 66% at x = 0.60.
It is worthwhile to determine the net differential decay
rate due to non-inertial and curvature effects after sub-
tracting off the flat space-time background contribution.
Figure 3 displays the distinctive contribution of R to the
decay cross section as a function of emission angle, where
∆Γˆ (x, cosΘ) ≡ Γˆ (x, cosΘ)− Γˆ (x, cosΘ)Flat (58)
reaches a maximum value of 0.60 Γ0 at x = 1 for back-
ward emission (Θ = 180◦). It is useful to note that (58)
is negative-valued for 0◦ ≤ Θ . 60◦, while it becomes
increasingly positive-valued for 60◦ . Θ ≤ 180◦. In par-
ticular, all of the curves for Θ = 90◦ − 180◦ become
nonzero at around x = 0.22, which may be suggestive of
an interesting kinematic region to explore in parameter
space.
The corresponding comparison due to curvature also
yields some interesting features, as shown in Figure 4.
For the case of α = 1, Figure 4(a) shows a 0.17 Γ0 re-
duction of the decay cross section at x = 0.60 due to
curvature alone, while the combination of curvature and
non-inertial effects for x = 0.72 leads to a 0.29 Γ0 re-
duction in the profile. The corresponding analysis for
Figure 4(b) at x = 0.60 shows a reduction of 0.29 Γ0 due
to curvature alone, and an overall reduction of 0.40 Γ0
at x = 0.70 for α = 0.99, again indicating an extreme
sensitivity of the decay cross section due to changes in a.
Integration of the scattering angle over the unit sphere
results in the Michel spectrum described by
Γˆ(x) =
dΓ
dx
. (59)
Figures 5 and 6 display the muon decay Michel spectrum
for M = 4 × 10−11 cm and M = 2 × 10−11 cm, respec-
tively, where r0 ∼ M . It is clear from Figure 5 that
curvature has the effect of measurably reducing Γˆ(x) for
this choice ofM , and comparison between Figs. 5(a) and
5(b) reveals that the overall reduction is enhanced by a
decrease in α. At around x = 0.77 and α = 1, the Michel
spectrum due to both curvature and R is reduced by
about 9% from its peak value due to the flat background
alone, while the corresponding curve for x = 0.77 and
α = 0.99 is reduced by about 17%. Comparison between
Figs. 6(a) and 6(b) indicates an increased reduction in
the Michel spectrum due to curvature and non-inertial
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FIG. 5: Michel spectrum with contributions due to curvature
and the non-inertial dipole operator for M = 4 × 10−11 cm
and r0 ∼ M . While the combined curvature and non-inertial
effect makes a larger change to the profile compared to the
non-inertial effect alone, the fact that there exists a slight but
discernable change in its curve compared to the flat back-
ground contribution is noteworthy.
effects when r0 → 0. Consistent with the differential
decay cross section in Figure 2, the contribution of R
to the overall Michel spectrum has the effect of slightly
counteracting the curvature contribution.
Although this reduction in Γˆ(x) is overwhelmingly de-
termined by the curvature, the contribution solely due
to the non-inertial dipole operator is nonetheless still
apparent in both Figures 5 and 6. When r0 ∼ M =
4 × 10−11 cm, the appearance of R in the Michel spec-
trum is slight, but still discernable. For the slightly
smaller choice of r0 ∼ M = 2 × 10−11 cm, however, the
Michel spectrum with the non-inertial contribution be-
comes more pronounced, as shown in Figure 6, with its
peak slightly displaced and broadened around x = 0.80.
This extreme sensitivity in the profile for r0 ∼ 10−11 cm
suggests an intriguing possibility of observing a signature
due to R in the Michel spectrum. Since this contribution
is totally independent of space-time curvature, such a
signature may become identifiable for a sufficiently large
data set of muon decay counts, and is worthy of a more
detailed examination.
To determine the effect of varying α on the Michel
spectrum, Figures 7–9 display three-dimensional plots of
Γˆ(x) as functions of α and x for M = 2 × 10−10 cm,
M = 4× 10−11 cm, and M = 2× 10−11 cm, respectively.
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FIG. 6: Michel spectrum with contributions due to curvature
and the non-inertial dipole operator for M = 2 × 10−11 cm
and r0 ∼M . Comparison between Figs. 6(a) and 6(b) shows
that the profile is extremely sensitive to changes in α, while
the increase in r0 leads to greater distinction between the
non-inertial curve compared to the flat background.
Figs. 7(a), 8(a), and 9(a) have the full contributions due
to curvature and R, while Figs. 7(b), 8(b), and 9(b) re-
flect the net spectra after subtracting off the contribution
due to curvature alone, according to
∆Γˆ(x) ≡ Γˆ(x) − Γˆ(x)Curvature . (60)
Comparison between Fig. 7(a) with Fig. 8(a) illustrates
the gradual emergence of space-time curvature for r0 ∼
2× 10−10 cm, where the first plot just begins to develop
a minimum at around α = 0.40 and x = 0.65, while
the minimum in the second plot becomes strongly pro-
nounced in the same region of parameter space, at around
α = 0.30 and x = 0.70. This becomes even more evident
when they are compared to Fig. 7(a). From examin-
ing Figs. 7(b) and 8(b), it is apparent that the region
of −1/4 ≤ α . 0 is dominated by curvature contribu-
tions alone, while the rapid increase corresponding to
0 . α ≤ 1 and large x is due to the mixed coupling
of curvature with R. This trend continues for Figure 9,
indicating a minimum in Fig. 9(a) whose magnitude be-
comes four times larger than for Fig. 8(a), with a similar
outcome for Figs. 7(b) and 9(b).
A final integration of (59) over x leads to the muon’s
total decay rate Γ. Since M sets the energy scale for
determining the curvature and non-inertial contributions
to the decay rate, Γ can be expressed in terms of
∆Γ(M) ≡ Γ(M)− Γ0 . (61)
It is very interesting to report, based on Figures 10 and
11, that (61) is negative-valued, which indicates that the
muon’s lifetime is enhanced due to curvature and non-
inertial effects due to R. This agrees with the main
result presented earlier [10], following an approximated
approach in terms of cylindrical co-ordinates, but now de-
termined from a more careful treatment of the problem
that includes contributions due to curved space-time.
Figure 10 displays |∆Γ(M)|/Γ0 for a Schwarzschild
black hole (α = 0), where in Fig. 10(a), N0 = 1/
√
2
is chosen in accordance with (53) to obtain r0 = 6M ,
the innermost stable circular orbit [33]. For compari-
son, Fig. 10(b) is the corresponding expression in terms
of r0 ∼ 3M , the (unstable) photon orbit [33]. It is
self-evident that the total decay rate is very sensitive
to changes in space-time curvature as r0 → 2M , the
Schwarzschild radius, given that the total contribution
shown in Fig. 10(b) is five orders of magnitude larger
than for its corresponding curve in Fig. 10(a). Further-
more, it is predicted that the decay rate goes to zero
for r0 ∼ 10−9 cm, the atomic scale. In the absence of
curvature, both plots indicate that the contribution to
|∆Γ(M)|/Γ0 due to the non-inertial dipole operator leads
to a strong enhancement of the muon’s lifetime at around
its Compton wavelength of r0 = 1.18× 10−12 cm.
The case of an extreme Kerr black hole is presented
in Figure 11, where comparison is made between a co-
rotating (α = 1) and a counter-rotating extreme black
hole (α = −1/4), as shown by Figs. 11(a) and 11(b), re-
spectively. In this instance, it is clear that the dominant
contributions in the muon’s lifetime enhancement are due
to curvature components dependent on odd functions of
α, especially since r0 ∼ 4M in Fig. 11(b) compared to
both r0 ∼M in Fig. 11(a) and r0 = 6M in Fig. 10(a). A
possible physical explanation is that the muon is extract-
ing energy from the extra inertia of space-time it must
overcome to orbit a black hole with a < 0, which then
serves to reduce its decay rate. While it is too early to
make any definitive statements at present, this outcome
roughly coincides with the Penrose process for classical
particles [33]. However, it should be noted that this result
also challenges the established understanding that super-
radiance, the phenomenon analogous to the Penrose pro-
cess for quantum fields in a Kerr background, does not
occur for spin-1/2 fields [33]. It is entirely possible that
the machinery employed for the differential cross-section
given by (54) may be inadequate when applied to muons
within a Compton wavelength of the black hole event
horizon. If plane wave solutions do not correctly approx-
imate the asymptotic states, then appropriate measures
are required to properly address this technical challenge,
which may then resolve the apparent mismatch between
the predictions in Figures 10 and 11 and the lack of spin-
1/2 field superradiance effects. In addition, it is certainly
reasonable to envision other non-trivial effects emerging
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FIG. 7: Three-dimensional plot of the
Michel spectrum for varying α and x,
with M = 2 × 10−10 cm. Fig. 7(a)
starts to develop a minimum value due
to curvature and non-inertial contri-
butions, while Fig. 7(b) shows the net
contribution after subtracting off the
exclusively curvature-dependent con-
tribution.
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FIG. 8: Three-dimensional plot of the
Michel spectrum for varying α and x,
with M = 4 × 10−11 cm. The min-
imum in Fig. 8(a) due to curvature
and non-inertial effects becomes more
pronounced, with a correspondingly
larger net effect found in Fig. 8(b).
at the Compton wavelength scale unanticipated by this
approach that would have to be investigated thoroughly.
Irrespective of this matter, the results in Figures 10
and 11 suggest that the muon’s total decay rate becomes
negative-valued for sufficiently small r0, already identi-
fied as a matter of concern in a previous paper [10] when
considering non-inertial effects alone. It is very clear that
curvature effects heighten this possibility rather than
mitigate against it, and while electromagnetic bremm-
strahlung radiation may have a role in avoiding this pos-
sibility for muon decay, this would likely have little to
no bearing on the behaviour of unstable particles with
no electrical charge. Though unresolved issues still need
to be thoroughly examined first, this may be further evi-
dence of new physical phenomena emerging at the inter-
section between quantum mechanics and general relativ-
ity [10].
VII. POTENTIAL CONTRIBUTIONS DUE TO
NONCOMMUTATIVE GEOMETRY
One recent development in quantum gravity research
that has gained a considerable following is noncommu-
tative geometry [36], which proposes that space-time co-
ordinates no longer commute at some scale k¯ with dimen-
sions of area, but rather satisfy
[Xµ,Xν ] = ik¯ Jµν(Xα) , (62)
where the Xµ are Hermitian co-ordinate operators and
Jµν is a dimensionless antisymmetric tensor. In fact,
this idea was proposed several decades ago [37], but in
the context of finding a mechanism to truncate ultra-
violet divergences in quantum field theory prior to the
advent of renormalization and regularization. The Jµν
then resemble the generators of orbital angular momen-
tum satisfying an SU(2) Lie algebra [38].
While it is certainly logical to propose this route for
determining quantum gravity, its viability compared to
the other approaches can be confirmed only if it produces
an unambiguous signature in relation to an identifiable
background measurement. Based on present knowledge,
it seems that k¯ can be treated as a free parameter, whose
magnitude may be identified empirically. However, a re-
cent paper based on noncommutative QED suggests an
upper bound of
√
k¯ ∼ 10−18 cm [39]. For the purposes of
this paper, the question of whether k¯ can be derived from
first principles is a matter of speculation not addressed
here.
It so happens that the formalism of this paper allows
for the possibility of finding nontrivial contributions due
to noncommutative geometry that would otherwise be set
to zero if space-time co-ordinates always commute. The
possibility of this identification is based on the following
consideration of the metric tensor in Fermi normal co-
ordinates. According to (2), a symmetric metric tensor
F gµν(X) implies that the Riemann tensor is also symmet-
ric in the middle two indices. However, this symmetry
is not an inherent property of the Riemann tensor, but
rather imposed upon due to the contraction of dXµ dXν
in (1).
This is a crucial observation because, by relaxing
this requirement for F gµν(X), it allows for the possi-
bility of the antisymmetric combination FRµ[αβ]ν(T ) =
1
2
[
FRµαβν(T )− FRµβαν(T )
]
to appear, such that terms
of the form
FRµ[αβ]ν(T )X
µXν = −1
4
FRαβµν(T ) [X
µ, Xν ] (63)
are identifiable. If the Xµ are ordinary c-numbers, then
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FIG. 9: Three-dimensional plot of the
Michel spectrum for varying α and x,
with M = 2 × 10−11 cm. As M be-
comes progressively smaller, curvature
effects on the plot strongly determines
the plot’s structure and magnitude.
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FIG. 10: Relative total decay rate as a function of M for
a Schwarzschild black hole (α = 0). Fig. 10(a) corresponds
to r0 = 6M for N0 = 1/
√
2, while Fig. 10(b) implies that
r0 ∼ 3M for N0 = 10−2. It is evident that curvature
strongly enhances the lifetime of the muon as r0 → 2M , the
Schwarzschild radius, while the contribution due to R indi-
cates strong enhancement for r0 ∼ 10−12 cm, the Compton
wavelength scale for the muon.
(63) automatically vanishes, but if Xµ →Xµ, then (63)
is nonzero according to (62) and needs to be retained. It
then follows naturally that
ds2 → 1
2
F g(µν)(X) (dX
µ ⊗ dXν + dXν ⊗ dXµ)
+
1
2
F g[µν](X) dX
µ ∧ dXν , (64)
where the antisymmetric part of (64) emerges at the k¯-
scale only.
From closer inspection of the second terms in (14b) and
(14c), respectively, it becomes evident that contributions
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FIG. 11: Relative total decay rate as a function of M for an
extreme Kerr black hole. Fig. 11(a) denotes r0 ∼M for a co-
rotating black hole (α = 1) with respect to the muon’s orbit,
while Fig. 11(b) refers to r0 ∼ 4M for a counter-rotating
black hole (α = −1/4). The spikes on the main curve shown
in Fig. 11(a), along with the apparent upward translation of
the curve due to R, are numerical artifacts that should be
discounted.
due to noncommutative geometry emerge at the k¯-scale,
since it follows from invoking (62) and (63) that
Γ¯
(S)
ˆ = −
1
2
FRj00m(T )X
m +
1
3
FRl(j0)m,0(T )X
lXm
− ik¯
12
FRj0lm,0(T )J
lm , (65a)
Γ¯
(T)
0ˆ[lˆmˆ]
=
1
2
FRlm0k(T )X
k +
ik¯
48
FRlmjk,0(T )J
jk . (65b)
Given (65a) and (65b), it becomes obvious that the
presence of noncommutative geometry formally appears
in both the Casimir spin scalar W αˆW αˆ and the polar-
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ization vector for muon decay. However, when applied
to the specific example of muon decay near a Kerr black
hole, it turns out that the anticipated contributions van-
ish in the time average over a complete cycle. This out-
come is very surprising, with no clear explanation on a
conceptual level for why this occurs.
One clue that may be responsible for the null result
comes from the azimuthal symmetry of the Kerr back-
ground. This suggests a possibility for extracting the
noncommutative part by introducing an asymmetric per-
turbation in the orbital plane, such as an electromagnetic
potential along the x-axis in Figure 1, for example. By
then solving the Einstein-Maxwell field equations for a
perturbed orthonormal tetrad λµ¯α that is biased for some
value of φ0, the integration over quantum fluctuations
should then yield k¯-dependent contributions when time
averaged over a complete cycle.
VIII. DISCUSSION
Given the considerable detail shown for identifying cur-
vature and non-inertial contributions to the muon de-
cay spectrum in a microscopic Kerr background, it is
nonetheless appropriate to critically assess the likelihood
for observation of these phenomena within a realistic set-
ting. It is widely accepted that any formation of micro-
scopic black holes will rapidly and spontaneously decay
into a spectrum of massless particles as Hawking radi-
ation [7, 40]. Furthermore, current scenarios predicting
microscopic black hole production at the Large Hadron
Collider (LHC) [41] are critically dependent on the exis-
tence of both Hawking radiation and large extra dimen-
sions in order to attain a signature at the TeV energy
scale. It is debatable whether the intensity of collisions
performed at the LHC can achieve a high enough en-
ergy density for quantum mechanical gravitational col-
lapse to occur, or whether this process can happen at
all due to unforeseen modifications of general relativity
at sufficiently small length scales. For these and other
reasons, it is difficult to ascertain whether the analysis
presented here, as it concerns the curvature effects, has
any value beyond purely theoretical considerations.
This question becomes more interesting, however,
when considering the observation of the non-inertial
dipole operatorR within muon decay, since this a contri-
bution that is independent of space-time curvature and
purely a byproduct of non-inertial motion due to rota-
tion. As noted earlier [10], the strength of R becomes
large when the local radius of curvature for the muon’s
orbit approaches the Compton wavelength scale. While
it is not realistic to test for this effect using circulating
muon beams in macroscopic storage rings, for muonic
atoms the likelihood becomes more promising, since they
already exist and are relatively long-lived objects. In
these respects, the test for non-inertial effects in muon
decay within this context becomes a realistic possibility
and worthy of a more detailed examination.
The extension of this analysis to incorporate more so-
phisticated details is certainly possible. For example, it
is already shown that electromagnetic interactions can be
introduced in a straightforward and natural way into the
formalism. The possibility of curvature-induced pair pro-
duction is definitely an important factor to consider, as
well as back reaction effects due to the self-energy of the
decaying muon. For the case of classical particles propa-
gating in curved space-time [21], this is an area of active
research, so due consideration for quantum particles must
also be taken into account for a more sophisticated treat-
ment of the problem. Furthermore, this overall approach
is not necessarily limited to leptons, and it so should be
possible to apply this formalism to an accelerated neu-
tron undergoing beta decay, for example. However, the
possibility of identifying the curvature and non-inertial
contributions likely becomes much more difficult, due to
the finite size of the neutron and inherent complexity of
hadronic processes that would effectively mask any sig-
nature that may result from the decay process. As well,
the formalism is not limited to spin-1/2 particles, as the
Casimir scalar properties for higher-order spin systems
can be examined systematically [42], with particularly
interesting applications for the spin-3/2 gravitino in su-
persymmetry and the spin-2 graviton.
One issue not examined here in detail but needs to be
acknowledged is the presence of frame-based singulari-
ties due to performing the computations in the muon’s
local rest frame. Specifically, there exist terms in the
differential cross section that grow singular in the limit
as |P | =
√
−P ˆP ˆ → 0. However, it is reassuring to
note that all such terms are coupled to the gravitational
field and so they make no contribution in the absence of
space-time curvature. In addition, there exist non-zero fi-
nite terms in the limit of |P | → 0 that are also coupled to
the gravitational field, along with a second set of non-zero
finite terms that come exclusively from R. If the weak
equivalence principle is to be satisfied in the rest frame
of the muon, then it is reasonable to surmise that the
singular terms and the non-zero finite terms coupled to
the gravitational field must somehow cancel each other.
Specifically, the relevant expression for consideration is
lim
|P |→0
G
(
λ0
|P | f0 + λ1 f1
)
≡ K , (66)
where G is the (observed) universal gravitational con-
stant, fi are numerical coefficients associated with the
singular and non-zero finite terms, λi are their respec-
tive coupling parameters, and K is some parameter in
units of M/r0. The value of K may possibly be de-
termined empirically by comparison to observation, but
must equal zero to satisfy the weak equivalence princi-
ple. With K = 0 assumed throughout this analysis, all
plots presented are well behaved without any indication
of numerical difficulties associated with this assumption.
It, therefore, seems possible that (66) is indicative of a
relationship between the coupling parameters λ0 and λ1
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that is analogous to the renormalization flow concept for
running coupling constants as functions of energy. This
is also a matter worthy of further study at a later date.
IX. CONCLUSION
This paper contains a detailed study of the Pauli-
Lubanski spin vector W for spin-1/2 particles when ap-
plied to non-inertial motion in curved space-time, as de-
scribed by Fermi normal co-ordinates. It confirms an ear-
lier result obtained in flat space-time [10], which shows
the existence of the non-inertial dipole operator R, that
leads to a predicted quantum violation of Lorentz invari-
ance forW αˆW αˆ, the Casimir scalar for spin. When the
Pauli-Lubanski vector is applied to the study of muon
decay in a gravitational background, it follows that cur-
vature and non-inertial corrections become present in
the differential decay rate, that has theoretically observ-
able consequences when applied to decays near the event
horizon of a microscopic Kerr black hole. This paper
also puts forward the possibility that the formalism can
be extended to incorporate noncommutative geometry
upon considering a nonsymmetric space-time metric in
the Fermi frame. Interestingly, while contributions due
to noncommutative geometry formally exist in muon de-
cay, they integrate to zero for the specific case of circular
motion in a Kerr background. The reasons for this out-
come are unknown at present.
It seems apparent that the results presented here have
potentially broad implications for identifying possible di-
rections for future quantum gravity research. In par-
ticular, if the predictions of non-inertial effects in muon
decay due to R become verified, then its presence must
be properly accounted for in any future developments
towards attaining a self-consistent theory of quantum
gravity, whose full range of consequences are yet to be
determined. Nonetheless, potentially outstanding issues
like the applicability of plane wave asymptotic states in
the decay rate calculation, for example, as well as other
unanticipated effects at the Compton wavelength scale
will have to be addressed in greater detail before a more
definitive conclusion can be stated.
APPENDIX A: DERIVATION OF THE
MOMENTUM COMMUTATOR
The derivation of (22) begins with (12)–(13b), leading
to
i
[
P αˆ,P βˆ
]
= i
{
(i~)2
[
∇αˆ,∇βˆ
]
+ 2i~∇[αˆΩβˆ]
}
= (i~)2
{
i
[
∇αˆ,∇βˆ
] [
1 + ln
(
λ1ˆ(u)λ2ˆ(u)λ3ˆ(u)
)1/2]}
.
(A1)
By using the orthonormal vierbein set {eσαˆ} to describe
∇αˆ = e
σ
αˆ∇σ in terms of Fermi normal co-ordinates, it
follows that[
∇αˆ,∇βˆ
]
= −2 (∇λ eσ[αˆ) eλβˆ]∇σ , (A2)
where
(∇λ eσ[αˆ) eλβˆ]∇σ =
(
∂
∂Uλ
e¯γ [αˆ
)
eλβˆ]
(
∂Uσ
∂Xγ
∂
∂Uσ
)
+ e¯γ [αˆ e¯
λ
βˆ]
[
∂
∂Xλ
(
∂Uσ
∂Xγ
)]
∂
∂Uσ
. (A3)
The first term of (A3) corresponds to ~Cµˆαˆβˆ P µˆ in (22),
while the second term contains the non-inertial contribu-
tion and deserves closer inspection.
The key to this derivation lies in the identification of
∂
∂Xγ
=
∂Uσ
∂Xγ
∂
∂Uσ
(A4)
with
∇γˆ =
1
λ(γ)
∂
∂Uγ
, (A5)
which is always possible by a suitable rotation of the or-
thonormal frame. If the Fermi normal co-ordinates are
strictly Cartesian, it is self-evident that the mixed par-
tial derivatives in the second term of (A3) will commute,
leading to a net contribution of zero when contracted by
the antisymmetric vierbein combination e¯γ [αˆ e¯
λ
βˆ]. How-
ever, this is no longer true when using general curvilin-
ear co-ordinates, since the second term of (A3) described
with respect to (A5) results in[
∂
∂Xλ
(
∂Uσ
∂Xγ
)]
∂
∂Uσ
→
[
∇λˆ
(
λ(γ)
)−1] ∂
∂Uγ
= −
[
∇λˆ ln λ
(γ)
]
∇γˆ , (A6)
which is generally nonzero. It follows that substitution
of (A2), (A3), and (A6) into (A1) leads to (22).
APPENDIX B: CROSS SECTION PLOTS FOR
VARIOUS SCATTERING ANGLES
Figures 12–15 comprise a list of differential cross sec-
tion plots for the full range of scattering angles Θ in 30◦
intervals:
15
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
Curvature + NI
Curvature
Non-Inertial (NI)
Flat Background
PSfrag replacements
x
1 Γ
0
Γˆ
(x
,
co
s
Θ
)
(a) (Θ = 30◦ , α = 1)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
Curvature + NI
Curvature
Non-Inertial (NI)
Flat Background
PSfrag replacements
x
1 Γ
0
Γˆ
(x
,
co
s
Θ
)
(b) (Θ = 30◦ , α = 0.99)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
Curvature + NI
Curvature
Non-Inertial (NI)
Flat Background
PSfrag replacements
x
1 Γ
0
Γˆ
(x
,
co
s
Θ
)
(c) (Θ = 60◦ , α = 1)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
Curvature + NI
Curvature
Non-Inertial (NI)
Flat Background
PSfrag replacements
x
1 Γ
0
Γˆ
(x
,
co
s
Θ
)
(d) (Θ = 60◦ , α = 0.99)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.10
1.20
Curvature + NI
Curvature
Non-Inertial (NI)
Flat Background
PSfrag replacements
x
1 Γ
0
Γˆ
(x
,
co
s
Θ
)
(e) (Θ = 90◦ , α = 1)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.10
1.20
Curvature + NI
Curvature
Non-Inertial (NI)
Flat Background
PSfrag replacements
x
1 Γ
0
Γˆ
(x
,
co
s
Θ
)
(f) (Θ = 90◦ , α = 0.99)
FIG. 12: Differential decay rate displaying contributions due to curvature and the non-inertial dipole operator (forward emis-
sion).
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